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CONTINUITY AND REPRESENTATION OF VALUATIONS
ON STAR BODIES
PEDRO TRADACETE AND IGNACIO VILLANUEVA
Abstract. It is shown that every continuous valuation defined on the
n-dimensional star bodies has an integral representation in terms of the
radial function. Our argument is based on the non-trivial fact that
continuous valuations are uniformly continuous on bounded sets. We
also characterize the continuous valuations on the n-dimensional star
bodies that arise as the restriction of a measure on Rn.
1. Introduction
A valuation is a function V , defined on a given class of sets F , which
satisfies that for every A,B ∈ F
V (A ∪B) + V (A ∩B) = V (A) + V (B).
Valuations can be thought of as a certain generalization of the notion of
measure, and have become a relevant area of study in convex geometry. For
instance, volume, surface area, and Euler characteristic are distinguished
examples of valuations (in the appropriate classes of sets). Historically,
valuations were an essential tool in M. Dehn’s solution to Hilbert’s third
problem, asking whether an elementary definition for volume of polytopes
was possible.
The celebrated theorem of H. Hadwiger characterizes continuous rotation
and translation invariant valuations on convex bodies as linear combinations
of the quermassintegrals [14]. More recently, S. Alesker provided the charac-
terization of those valuations which are only rotation invariant [1], as well as
those which are only translation invariant [2]. We refer to [1, 2, 19, 20, 21]
for a broad vision on the role of valuations in convex geometry. Recent
developments in valuation theory and its connections with other areas of
mathematics can also be found in [3].
Valuations on convex bodies belong to the classical Brunn-Minkowski
theory. In [22], E. Lutwak introduced and developed a dual version of Brunn-
Minkowski theory: in this context, convex bodies, Minkowski addition and
Hausdorff metric are replaced by star bodies, radial addition and radial
metric, respectively. These have played an important role in the solution
of the well-known Busemann-Petty problem [12, 13, 27], and have become
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a fundamental area of research [16, 23, 24]. D. A. Klain initiated in [17],
[18] the study of rotationally invariant valuations on a specific class of star-
shaped sets, namely those whose radial function is n-th power integrable.
In this work we characterize radial continuous valuations on Sn0 , the star
bodies of Rn (i.e. star sets with continuous radial function), in terms of an
integral representation.
Our main results is
Theorem 1.1. V : Sn0 −→ R is a radial continuous valuation if and only if
there exist a finite Borel measure µ on Sn−1 and a function K : R+×S
n−1 →
R such that
(a) K satisfyies the strong Carathe´odory condition (i.e., for each s ∈
R+ the function K(s, ·) is Borel measurable, and for µ-almost every
t ∈ Sn−1 the function K(·, t) is continuous),
(b) for every λ ∈ R+ there is Gλ ∈ L
1(µ) such that K(s, t) ≤ Gλ(t) for
s < λ and µ-almost every t ∈ Sn−1,
and for every star set L with bounded Borel radial function ρL
(1) V (L) =
∫
Sn−1
K(ρL(t), t)dµ(t).
The proof relies heavily on the fact that radial continuous valuations on
Snb , the star sets of R
n, are uniformly continuous on bounded sets. See
Theorem 3.8 for the precise statement.
This culminates a series of previous works: In [26], the second named
author started the study of continuous valuations on star bodies, charac-
terizing positive rotation invariant valuations as those described by certain
integral representation. As a continuation of that work, in [25], the positiv-
ity condition was dropped extending the integral representation to general
rotation invariant valuations.
In addition, the general case (that is, non rotationally invariant valua-
tions) was also studied. In this direction, it was shown in [25, Theorem 1.1]
that every radial continuous valuation on Sn0 , the n-dimensional star bodies,
extends uniquely to a valuation on Snb , the bounded Borel star sets of R
n.
Moreover, using this extension, it can be seen that such a valuation admits
an integral representation which is at least valid for star sets with simple
radial function. More precisely, [25, Theorem 1.2] already showed that for
a radial continuous valuation V : Snb → R there exist a Borel measure µ on
Sn−1 and a function K : R+ × S
n−1 → R such that, for every star body L
whose radial function ρL is a simple function, one has
V (L) =
∫
Sn−1
K(ρL(t), t)dµ(t).
Having completed the integral characterization of valuations on star bod-
ies, we will apply it in order to classify the valuations arising from measures
in Rn. Note that, if we think of valuations as possible invariants leading to
characterizations of properties of star bodies on Rn, first of all we should
be able to distinguish those valuations that are “just” measures on Rn from
those which are “strict” valuations in the sense that they are not induced
by any measure in Rn.
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The main tool to do this is the notion of variation of a valuation, which
will be introduced in Section 5. This will allow us to show that a valuation
V arises from a measure in Rn if and only if V = V1 − V2, where V1, V2 are
monotonic increasing valuations. The precise result is
Theorem 1.2. Let V : Sn0 −→ R be a radial continuous valuation. Then
the following are equivalent:
(1) There exists a (signed) countably additive measure ν defined on the
Borel sets of Rn such that, for every L ∈ Sn0 ,
ν(L) = V (L).
(2) V has bounded variation.
(3) V is the difference of two monotonic increasing continuous valua-
tions.
(4) There exist K and µ as in Theorem 1.1 such that, for µ-almost every
t ∈ Sn−1, K(·, t) is a continuous function of bounded variation.
Due to its importance, we explicitly state the case of rotationally invariant
valuations.
Corollary 1.3. Let V : Sn0 −→ R be a radial continuous rotationally in-
variant valuation. Then the following are equivalent:
(1) There exists a (signed) countably additive measure ν defined on the
Borel sets of R+ such that, for every L ∈ Sn0 ,
(ν ⊗m)(L) = V (L),
where m is the Lebesgue measure on Sn−1 and we use the natural
identification between Rn and R+ × Sn−1.
(2) V has bounded variation.
(3) V is the difference of two monotonic increasing continuous rotation-
ally invariant valuations.
(4) There exists a continuous function of bounded variation θ : R+ −→ R
such that, for every L ∈ Sn0 ,
V (L) =
∫
Sn−1
θ(ρL(t))dm(t),
where m is the Lebesgue measure on Sn−1.
1.1. Connections with previous work. As we mentioned before, to the
best of our knowledge there were no previous results characterizing radial
continuous valuations on star bodies. At least not with modern notation.
However, when writing [25], we noted that the papers [5, 7, 8, 9, 10, 11] ac-
tually do speak about valuations. These works study (orthogonally) additive
functionals on certain function spaces, but it is not difficult to show that, in
our context, these correspond to valuations. This connection is given with
full details in [25].
The papers [5, 10, 11] study additive functionals (our radial valuations)
on C(K) spaces with increasing level of generality. The main result in those
papers is totally comparable to our Theorem 1.1 but with a big difference:
They impose a priori much more restrictive conditions on the additive func-
tional. In particular they demand that it is continuous, bounded on bounded
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sets and uniformly continuous on bounded sets, whereas we demand only
continuity. It is not difficult to show that continuity implies bounded on
bounded sets (see [25, Lemma 3.1]). In contrast, it is quite hard to show
that continuity alone implies uniform continuity on bounded sets. We only
finish the proof of that fact in this article, using techniques from [7, 8, 9] and
the full power of our previous results in [25]. Using uniform continuity on
bounded sets, the derivation of Theorem 1.1 follows using some ideas from
[7].
2. Preliminaries and notation
Let Sn−1 denote the euclidean unit sphere in Rn. We will denote C(Sn−1)
and B(Sn−1) the spaces of continuous, respectively bounded Borel, real-
valued functions on Sn−1. Also, C(Sn−1)+, B(S
n−1)+ denote the cones of
positive functions in C(Sn−1) and B(Sn−1), respectively.
Given x ∈ Rn, let us denote [0, x] = {λx : 0 ≤ λ ≤ 1}, the line segment
joining the origin with x. A set L ⊂ Rn is a star set if for every x ∈ L,
[0, x] ⊂ L. Let Sn denote the family of the star sets of Rn.
Given L ∈ Sn, its radial function ρL : S
n−1 → R+ is given by
ρL(t) = sup{c ≥ 0 : ct ∈ L}.
A star set L is called a star body whenever ρL ∈ C(S
n−1)+. Conversely,
given f ∈ C(Sn−1)+ there exists a star body Lf such that f = ρLf . Let
Sn0 denote the set of star bodies in R
n. Note that star bodies are always
bounded.
Analogously, a star set L is a bounded Borel star set if ρL ∈ B(S
n−1)+.
We denote by Snb the set of bounded Borel star sets in R
n.
Given two sets K,L ∈ Sn, their radial sum K+˜L is defined as the star
set with radial function satisfying
ρK+˜L = ρK + ρL.
Note that K+˜L ∈ Sn0 (respectively, S
n
b ) whenever K,L ∈ S
n
0 (respectively,
Snb ).
The dual analog for the Hausdorff metric of convex bodies is the so-called
radial metric, which can be defined by
δ(K,L) = inf{ε ≥ 0 : K ⊂ L+˜εBn, L ⊂ K+˜εBn},
where Bn denotes the euclidean unit ball of R
n. It is easy to check that
δ(K,L) = sup
t∈Sn−1
|ρK(t)− ρL(t)| = ‖ρK − ρL‖∞.
A function V : Sn −→ R is a valuation if for any K,L ∈ Sn,
V (K ∪ L) + V (K ∩ L) = V (K) + V (L).
Note that if K,L ∈ Sn0 (respectively, S
n
b ), then both K ∪ L and K ∩ L are
in Sn0 (respectively, S
n
b ). It is easy to see that
ρK∪L = ρK ∨ ρL, ρK∩L = ρK ∧ ρL,
where for functions f1, f2 ∈ B(S
n−1)+, we denote
(f1 ∨ f2)(t) = max{f1(t), f2(t)},
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(f1 ∧ f2)(t) = min{f1(t), f2(t)}.
With this notation, a valuation V : Sn0 → R induces a mapping V˜ :
C(Sn−1)+ → R given by
V˜ (f) = V (Lf ),
where Lf is a star body whose radial function satisfies ρLf = f . If V is
continuous with respect to the radial metric, then V˜ is continuous with
respect to the ‖ · ‖∞ norm in C(S
n−1)+ and satisfies
V˜ (f) + V˜ (g) = V˜ (f ∨ g) + V˜ (f ∧ g)
for every f, g ∈ C(Sn−1)+. Conversely, every such function V˜ induces a
continuous valuation on Sn0 . Similarly, a valuation V : S
n
b → R induces
a function V˜ : B(Sn−1)+ → R with analogous properties, and vice versa.
Throughout the text, both V and V˜ will be refered to as valuations (in the
corresponding framework).
The following result from [25, Theorem 1.1.] will be key for our purposes:
Theorem 2.1. If V : Sn0 −→ R is a radial continuous valuation, then there
exists a unique radial continuous valuation on Snb extending V .
Given a function f : Sn−1 −→ R, we denote the support of f by
supp(f) = {t ∈ Sn−1 : f(t) 6= 0},
and for any set G ⊂ Sn−1, we will write f ≺ G if supp(f) ⊂ G.
Given a valuation V , for each λ > 0, and every Borel set A ⊂ Sn−1 we
define
(2) µλ(A) = inf
{
sup{V˜ (f) : f ≺ G, ‖f‖∞ ≤ λ} : A ⊂ G open
}
.
It is shown in [26] that µλ defines a finite regular Borel measure on Σn (the
σ-algebra of Borel subsets of Sn−1) which controls the valuation V (see also
[25, Observation 5.1]). In particular, we can consider the countably additive
measure
µ =
∞∑
λ=1
µλ
2λ‖µλ‖
.
Proposition 2.2. Let V˜ : B(Sn−1)+ −→ R be a continuous valuation.
There is a continuous function Φ : B(Sn−1)+ −→ L1(µ) such that for f ∈
B(Sn−1)+ we have
V˜ (f) =
∫
Sn−1
Φ(f)dµ.
Moreover, for every f ∈ B(Sn−1)+ and A ∈ Σn, Φ(fχA) = Φ(f)χA.
Proof. Fix f ∈ B(Sn−1)+ and consider for A ∈ Σn
νf (A) = V˜ (fχA).
Since V is a valuation, it follows that νf defines a finitely additive measure
on Σn. Moreover, νf is absolutely continuous with respect to µ, so that νf
is actually countably additive. Let Φ(f) be the Radon-Nikodym derivative
of νf with respect to µ. Hence, for every A ∈ Σn we have
V˜ (fχA) =
∫
A
Φ(f)dµ.
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Moreover, if µ(A ∩B) = 0, then νfχA(B) = 0, which yields that Φ(fχA) =
Φ(f)χA, for every A ∈ Σn.
In order to see that Φ : B(Sn−1)+ −→ L1(µ) is continuous, we will first
need the following:
Claim: Given f ∈ B(Sn−1)+, for every ε > 0 there exists δ > 0 such
that for every Borel set A ∈ Σn and g ∈ B(S
n−1)+, if ‖f − g‖∞ < δ, then∣∣∣ ∫
A
Φ(f)− Φ(g)dµ
∣∣∣ < ε.
Indeed, the continuity of V˜ implies that, given ε, there exists δ such that,
for every h ∈ B(Sn−1)+, if ‖f − h‖∞ < δ then |V˜ (f)− V˜ (h)| < ε.
Let A ⊂ Sn−1 be a Borel set, and g ∈ B(Sn−1)+ with ‖f − g‖∞ < δ. Let
h = gχA + fχAc, which clearly satisfies ‖f − h‖∞ < δ. It follows that∣∣∣ ∫
A
Φ(f)− Φ(g)dµ
∣∣∣ = |V˜ (fχA)− V˜ (gχA)| = |V˜ (f)− V˜ (h)| < ε.
This proves the claim.
Finally, given f ∈ B(Sn−1)+ and ε > 0, let δ > 0 be as in the claim.
Suppose g ∈ B(Sn−1)+ satisfies ‖f − g‖∞ < δ. Let
A = {t ∈ Sn−1 : Φ(f)(t)− Φ(g)(t) > 0}.
We have that
‖Φ(f)− Φ(g)‖1 =
∫
A
Φ(f)− Φ(g)dµ +
∫
Ac
Φ(g)− Φ(f)dµ < 2ε.

The previous result can be considered as a factorization property of val-
uations on B(Sn−1)+, in the sense that there is a commutative diagram
B(Sn−1)+
V˜
//
Φ
%%❑
❑❑
❑❑
❑❑
❑❑
❑
R
L1(µ)
i
==
④④④④④④④④④
with i(f) =
∫
Sn−1
fdµ, so that all arrows are continuous valuations.
3. Uniform continuity on bounded sets
In this section we prove our main technical result Theorem 3.8. It states
that continuous valuations on Sn0 are uniformly continuous on bounded sets.
The main ingredients of the proof are our results from [25], techniques
appearing in [9] and the well known Kadec-Pe´lcynski dichotomy from func-
tional analysis.
Throughout this section, V will be a continuous valuation on Sn0 , and
V˜ : B(Sn−1)+ −→ R will denote the induced extension given by Theorem
2.1.
Lemma 3.1. Let λ > 0 and let µλ be the measure associated to V , λ defined
in Equation (2). Let also (fn)n∈N ⊂ B(S
n−1)+, with ‖fn‖∞ ≤ λ for every
n ∈ N, and f ∈ B(Sn−1)+ be such that fn → f µλ-almost everywhere. Then
V˜ (fn)→ V˜ (f).
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Proof. Let ǫ > 0. Using Egorov’s Theorem, we obtain A ∈ Σn, with µλ(A) ≤
ǫ
2 , such that fnχAc → fχAc uniformly. Then, using the continuity of V˜ , we
obtain the existence of n0 such that, for every n ≥ n0,
|V˜ (fnχAc)− V˜ (fχAc)| <
ǫ
2
.
Therefore, for every n ≥ n0,
|V˜ (fn)− V˜ (f)| ≤ |V˜ (fnχAc)− V˜ (fχAc)|+ |V˜ (fnχA)− V˜ (fχA)| ≤ ǫ.

We will need the following technical result (see [9, Lemma 2.1]).
Lemma 3.2. Let Φ : B(Sn−1)+ −→ L1(µ) such that
Φ(fχA) = Φ(f)χA
for every f ∈ B(Sn−1)+ and A ∈ Σn. It holds that:
(1) For every finite sequences (fi)
n
i=1, (gi)
n
i=1 in B(S
n−1)+, there exist
f, g ∈ B(Sn−1)+ such that,
(i) |f(t)| ≤ maxi |fi(t)| for every t ∈ S
n−1,
(ii) |g(t)| ≤ maxi |gi(t)| for every t ∈ S
n−1,
(iii) |f(t)− g(t)| ≤ maxi |fi(t)− gi(t)| for every t ∈ S
n−1,
(iv) Φ(f)−Φ(g) = sup1≤i≤n(Φ(fi)− Φ(gi)).
(2) For every finite sequences (fi)
n
i=1, (gi)
n
i=1 in B(S
n−1)+, let f =
supi fi for µ almost every t. There exists g ∈ B(S
n−1)+ such that,
(i) |g(t)| ≤ supi |gi(t)| for every t ∈ S
n−1,
(ii) |f(t)− g(t)| ≤ supi |fi(t)− gi(t)| for every t ∈ S
n−1,
(iii) Φ(f)(t)−Φ(g)(t) ≥ inf iΦ(fi)(t)−Φ(gi)(t) in µ-almost every t.
Proof. (1). Let
Bj = {t ∈ Sn−1 : Φ(fj)(t)− Φ(gj)(t) = sup
1≤i≤n
(Φ(fi)−Φ(gi)}.
Let A1 = B1 and, for 2 ≤ j ≤ n, let Aj = Bj \
⋃j−1
i=1 A
i. Then, we define
f =
n∑
i=1
fi(t)χAi(t), g =
n∑
i=1
gi(t)χAi(t).
It is easy to check that these fulfil the required conditions.
(2). Let
Bj = {t ∈ Sn−1 : fj(t) = sup
i
fi(t)}.
Let A1 = B1 and, for 2 ≤ j ≤ n, let Aj = Bj \
⋃j−1
i=1 A
i. Then, we define
g =
n∑
i=1
gi(t)χAi(t).
It is easy to check that g satisfies the conditions demanded. 
The following is a regularity property related to the lattice structure of
L1(µ). It has also been used in [9] in a different space for similar purposes.
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Lemma 3.3. Let µ be a finite positive measure on a measurable space (Ω,Σ).
Let (En)n∈N be a sequence of countable subsets of L1(µ). That is, for each
n ∈ N let En := {ϕ
n
j : j ∈ N}, where, for every j ∈ N, ϕ
n
j ∈ L1(µ). Take
ϕn := sup
j∈N
ϕnj ,
and assume that
lim
n→∞
ϕn = ϕ
µ-almost everywhere, for some measurable function ϕ. Then, for every n ∈
N there exists jn ∈ N such that, µ-almost everywhere, we have
lim
n→∞
sup
1≤j≤jn
ϕjnj = ϕ.
Proof. For fixed n ∈ N, we have that
lim
m→∞
sup
1≤j≤m
ϕnj = ϕ
n
holds µ-almost everywhere. Hence, by Egorov’s Theorem, there is a set An ∈
Σ such that µ(Acn) < 2
−n and such that the sequence (sup1≤j≤m ϕ
n
j (t))m
converges to ϕn(t) uniformly for t ∈ An. Then, there exists jn ∈ N such
that, for every t ∈ An, and for every m ≥ jn,∣∣∣∣∣ sup1≤j≤mϕnj (t)− ϕn(t)
∣∣∣∣∣ < 1n.
The set
A =
∞⋃
n=1
∞⋂
k=n
Ak
satisfies that
µ(Ac) = µ
(
∞⋂
n=1
∞⋃
k=n
Ack
)
= 0.
Let now ψn = sup1≤j≤jn ϕ
n
j . Let
B := {t ∈ Ω : ϕn(t)→ ϕ(t)}.
Clearly µ((A ∩B)c) = 0 and for t ∈ A ∩B it holds that
lim
n→∞
ψn(t) = ϕ(t).

The same proof shows a similar regularity property for B(Ω), the space
of bounded measurable functions:
Lemma 3.4. Let µ be a finite positive measure on a measurable space (Ω,Σ).
Let (En)n∈N be a sequence of countable subsets of B(Ω). That is, for each
n ∈ N let
En := {ϕ
n
j : j ∈ N},
where ϕnj ∈ B(Ω) for every j ∈ N. Let
ϕn := sup
j∈N
ϕnj ,
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and assume that the limit
lim
n→∞
ϕn = ϕ
exists pointwise. Then, there exists a set A ∈ Σ such that µ(Ac) = 0 and
for every n ∈ N there exists jn ∈ N such that, for t ∈ A
lim
n→∞
sup
1≤j≤jn
ϕjnj (t) = ϕ(t).
The next result is based on [9, Lemma 2.3].
Lemma 3.5. Let Φ : B(Sn−1)+ −→ L1(µ) be a continuous orthogonally
additive function. Let (fn)n∈N, (gn)n∈N be two sequences in the unit ball of
B(Sn−1)+ such that ||fn − gn‖∞ → 0. Then Φ(fn)(t) − Φ(gn)(t) → 0 in
µ-almost every t.
Proof. Let (fn)n∈N, (gn)n∈N be two sequences as in the hypothesis. If the
result is not true, then there exists ǫ > 0 such that at least one of the sets
A+, A− has strictly positive measure, where
A+ = {t ∈ Sn−1 : lim sup
n→∞
Φ(fn)(t)− Φ(gn)(t) > ǫ},
A− = {t ∈ Sn−1 : lim sup
n→∞
Φ(gn)(t) −Φ(fn)(t) > ǫ}.
We assume that µ(A+) > 0, the other case being entirely similar.
We apply Lemma 3.3 to the sets En := {Φ(fk) − Φ(gk) : k ≥ n} and we
obtain the existence of a sequence of natural numbers (kn)n∈N such that
lim sup
n→∞
Φ(fn)(t)− Φ(gn)(t) = lim
n→∞
(
sup
n≤k≤kn
Φ(fk)(t) −Φ(gk)(t)
)
for µ-almost every t.
Let A′ := {t ∈ Sn−1 : limn→∞
(
supn≤k≤kn Φ(fk)(t)− Φ(gk)(t)
)
> ǫ}. We
have µ(A′) = µ(A+) > 0.
Now, note that the set
A′′ :=
∞⋃
m=1
∞⋂
n=m
{
t ∈ Sn−1 : sup
n≤k≤kn
Φ(fk)(t)− Φ(gk)(t) > ǫ
}
satisfies A′ ⊂ A′′.
Hence, there exists m ∈ N such that the set
B =
∞⋂
n=m
{
t ∈ Sn−1 : sup
n≤k≤kn
Φ(fk)(t)− Φ(gk)(t) > ǫ
}
has strictly positive measure. “Shifting” the sequences, we may assume that
m = 1.
Now, for every n ∈ N we apply the first part of Lemma 3.2 to the se-
quences (fk)
kn
k=n, (gk)
kn
k=n and we obtain functions f
n, gn in B(Sn−1)+ with
‖fn‖∞, ‖g
n‖∞ ≤ 1, such that, for every t ∈ S
n−1
|fn(t)− gn(t)| ≤ sup
n≤k≤kn
|fk(t)− gk(t)|
and
Φ(fn)− Φ(gn) = sup
n≤k≤kn
Φ(fk)− Φ(gk).
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Therefore, the sequences (fn)n∈N, (g
n)n∈N satisfy that ‖f
n − gn‖∞ → 0
and Φ(fn)(t)− Φ(gn)(t) > ǫ for every t ∈ B.
We consider now the function f : Sn−1 −→ R defined by
f(t) = lim sup
n→∞
fn(t).
It is easy to see that f ∈ B(Sn−1) and ‖f‖∞ ≤ 1. For every n ∈ N, we apply
now Lemma 3.4 to the sets En = {f
k : k ≥ n} and we obtain a sequence of
natural numbers (jn)n∈N such that
f(t) = lim
n→∞
(
sup
n≤k≤jn
fk(t)
)
for µ-almost every t.
We will use the notation supn≤k≤kn f
k(t) = f˜n(t).
For every fixed n ∈ N, we apply now the second part of Lemma 3.2 to
the finite sequences (fk)jnk=n and (g
k)jnk=n, and we obtain a function g˜n ∈
B(Sn−1)+ such that
• ‖g˜n‖∞ ≤ 1,
• |g˜n(t)− f˜n(t)| ≤ sup
n≤k≤jn
|fk(t)− gk(t)|,
• Φ(f˜n)(t)− Φ(g˜n)(t) ≥ inf
n≤k≤jn
Φ(fk)(t)− Φ(gk)(t).
Therefore, ‖f˜n − g˜n‖∞ → 0.
Since f˜n → f in µ almost every t, we also have that f˜nχB → fχB, µ
almost everywhere. By Lemma 3.1, this implies that∫
B
Φ(f˜n)dµ =
∫
Sn−1
Φ(f˜nχB)dµ = V (f˜nχB) −→ V (fχB).
On the other hand, g˜nχB → fχB in µ almost every t (because ‖f˜n −
g˜n‖∞ → 0). So, we also have∫
B
Φ(g˜n)dµ = V (g˜nχB) −→ V (fχB).
Therefore, it follows that∫
B
Φ(f˜n)− Φ(g˜n))dµ −→ 0.
However, this is a contradiction with the fact that, for every t ∈ B,
Φ(f˜n)(t)− Φ(g˜n)(t) > ǫ.

To finish our proof we will need some more tools from functional analysis:
Let us recall that a set F ⊂ L1(Ω,Σ, µ) is uniformly integrable if for every
ε > 0 there is δ > 0 such that for every B ∈ Σ with µ(B) < δ
sup
f∈F
∫
B
|f |dµ < ε.
The following is folklore:
VALUATIONS ON STAR BODIES 11
Lemma 3.6. Let (fn)n∈N ⊂ L1(Ω,Σ, µ) with µ(Ω) < ∞. If fn → 0 µ-
almost everywhere, and the sequence (fn)n∈N is uniformly integrable, then
‖fn‖1 → 0.
Proof. Given ε > 0, take δ > 0 such that for every A ∈ Σ with µ(A) < δ
sup
n∈N
∫
A
|fn|dµ <
ε
2
.
Now, using Egoroff’s theorem, there exist B ∈ Σ with µ(B) < δ and such
that ‖fnχBc‖∞ → 0. Thus, we can take N ∈ N such that for n ≥ N
‖fnχBc‖∞ <
ε
2µ(Ω)
.
It therefore follows that for n ≥ N we get
‖fn‖1 ≤ ‖fnχB‖1 + ‖fnχBc‖1 ≤
∫
B
|fn|dµ + µ(Ω)‖fnχBc‖∞ < ε.

We need a decomposition result, which was first given for Lp spaces (for
1 ≤ p < ∞) by M. Kadec and A. Pelczynski in [KP] (see also [4, Theorem
29]).
Lemma 3.7. Let (fn)n∈N ⊂ L1(Ω,Σ, µ) be such that supn∈N ‖fn‖L1 < ∞.
Then there is a subsequence (fnk)k∈N and a sequence of pairwise disjoint
measurable sets (Ak)k∈N such that the sequence (fnkχAck)k∈N is uniformly
integrable.
Now we are ready prove that continuous valuations are uniformly con-
tinuous on bounded sets. This will be a key step for the proof of Theorem
1.1
Theorem 3.8. If V : Snb → R is a radial continuous valuation, then it is
uniformly continuous on bounded sets. That is, for every λ > 0 and every
ε > 0 there is δ > 0 such that whenever f, g ∈ B(Sn−1)+ with ‖f‖∞, ‖g‖∞ ≤
λ and ‖f − g‖∞ ≤ δ, we have
|V˜ (f)− V˜ (g)| ≤ ε.
Proof. Let V˜ : B(Sn−1)+ → R be the valuation induced by V . If the result
is not true, then there is λ > 0, ε > 0 and (fn)n∈N, (gn)n∈N ⊂ B(S
n−1)+
such that
• ‖fn‖∞, ‖gn‖∞ ≤ λ for every n ∈ N,
• ‖fn − gn‖∞ → 0,
• |V˜ (fn)− V˜ (gn)| > ε for every n ∈ N.
For simplicity we will take λ = 1.
Let Φ : B(Sn−1)+ → L1(µ) the mapping given in Proposition 2.2. Since
Φ(fχA) = Φ(f)χA for every f ∈ B(S
n−1)+ and A ∈ Σn, in particular Φ is
orthogonally additive.
Let hn = Φ(fn)−Φ(gn). Since V˜ is bounded on bounded sets [25, Lemma
3.1] we have that
sup
n∈N
‖hn‖1 ≤ sup
n∈N
(
V˜ (fn) + V˜ (gn)
)
<∞.
12 PEDRO TRADACETE AND IGNACIO VILLANUEVA
Therefore, by Lemma 3.7 there is a subsequence (hnk)k∈N and a pairwise
disjoint sequence (Ak)k∈N such that (hnkχAck)k∈N is uniformly integrable.
By Lemma 3.5 we have that hn → 0 µ-almost everywhere. In particular,
so does the sequence (hnkχAck)k∈N. Hence, by Lemma 3.6, we have that
(3) ‖hnkχAck‖1 → 0.
On the other hand, since (Ak)k∈N are pairwise disjoint, for every m ∈ N
we have
m∑
k=1
Φ(fnk)χAk = Φ
( m∑
k=1
fnkχAk
)
.
Now, as ‖
∑m
k=1 fnkχAk‖∞ ≤ 1, and V˜ is bounded on bounded sets [25,
Lemma 3.1] it follows that for some K > 0 and every m ∈ N
m∑
k=1
‖Φ(fnk)χAk‖1 =
∥∥∥ m∑
k=1
Φ(fnk)χAk
∥∥∥
1
= V˜
( m∑
k=1
fnkχAk
)
≤ K.
Hence, necessarily we have that
(4) ‖Φ(fnk)χAk‖1 → 0.
Similarly, we have that
(5) ‖Φ(gnk)χAk‖1 → 0.
Therefore, putting together (3), (4) and (5) we get
‖Φ(fnk)− Φ(gnk)‖1 ≤ ‖hnkχAck‖1 + ‖Φ(fnk)χAk‖1 + ‖Φ(gnk)χAk‖1 → 0.
Hence,
|V˜ (fnk)− V˜ (gnk)| =
∣∣∣ ∫
Sn−1
Φ(fnk)− Φ(gnk)dµ
∣∣∣ ≤ ‖Φ(fnk)− Φ(gnk)‖1 → 0,
which is a contradiction with the fact that |V˜ (fn) − V˜ (gn)| > ε for every
n ∈ N, so the proof is finished. 
4. Integral representation
Once we have proved that continuous valuations are actually uniformly
continuous on bounded sets, we can prove Theorem 1.1.
Proof of Theorem 1.1. Suppose first K : R+ × S
n−1 → R satisfies (a) and
(b) in the statement of the theorem, and we set
V (L) =
∫
Sn−1
K(ρL(t), t)dµ(t).
It is clear that V satisfies
V (L1 ∪ L2) + V (L1 ∩ L2) = V (L1) + V (L2).
Concerning continuity, let (Ln) be a sequence of star bodies converging
in the radial metric to L, that is if we denote fn = ρLn and f = ρL, then
‖fn−f‖∞ → 0. In particular, for every t ∈ S
n−1 it follows that fn(t)→ f(t),
and by (a) we have K(fn(t), t) → K(f(t), t) for µ-almost every t ∈ S
n−1.
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Denoting λ = supn ‖fn‖∞, by (b) we have that K(fn(t), t) ≤ Gλ(t) for µ-
almost every t ∈ Sn−1. Hence, by the dominated convergence theorem it
follows that
V (Ln) =
∫
Sn−1
K(fn(t), t)dµ(t)→
∫
Sn−1
K(f(t), t)dµ(t) = V (L).
Hence, V defines a continuous valuation.
For the converse implication, given a radial continuous valuation V :
Sn0 −→ R, we consider the induced mapping V˜ : B(S
n−1)+ → R (see section
2) and for λ > 0, the Borel measures µλ given in (2). Let
µ =
∞∑
λ=1
µλ
2λ‖µλ‖
.
Let Φ : B(Sn−1)+ → L1(µ) be the mapping given in Proposition 2.2.
Recall that for each s ∈ R+, Φ(sχSn−1) is a Radon-Nikodym derivative of
the measure νs with respect to µ, where νs(A) = V˜ (sχA) for each A ∈ Σn.
Let us define for s ∈ R+, t ∈ S
n−1, the function
K0(s, t) = Φ(sχSn−1)(t).
Now, by Theorem 3.8, we know that V˜ is uniformly continuous on bounded
sets, and an argument like that of [7, 2.1.3.] or [5, Lemma 11] (see Lemma
A.1 in the Appendix for details) yields a Borel set A0 ⊂ S
n−1 with µ(A0) = 0
such that for t /∈ A0, K0(·, t) is uniformly continuous on every bounded set
of rational numbers. Hence, we can define
K(s, t) =


lim
n
K0(sn, t) if t /∈ A0, and sn → s with sn ∈ Q,
0 if t ∈ A0,
and exactly as in [7, 2.1.4.], it can be checked that K satisfies the strong
Carathe´odory condition (thus, we get (a)), and K(s, t) = K0(s, t) for every
s ∈ R and µ-almost every t ∈ Sn−1.
Since for λ ∈ R+, it is clear that µλ is absolutely continuos with respect
to µ, we can take Gλ ∈ L
1(µ) to be its Radon-Nikodym derivative. We
claim that K(s, t) ≤ Gλ(t) for s < λ and µ-almost every t ∈ S
n−1. Indeed,
let A ⊂ Sn−1 be an arbitrary Borel set and ε > 0. By definition of µλ (see
(2)) we can take an open set G such that A ⊂ G and
sup{V˜ (f) : f ≺ G, ‖f‖∞ ≤ λ} ≤ µλ(A) + ε.
Let fn ⊂ C(S
n−1)+ such that fn ≺ G, ‖fn‖∞ ≤ λ and ‖fn − sχA‖∞ → 0.
Hence, we have
νs(A) = V˜ (sχA) = lim
n
V˜ (fn) ≤ µλ(A) + ε,
and since ε > 0 is arbitrary we get νs(A) ≤ µλ(A) for every s < λ and
A ⊂ Sn−1. Hence, by the Radon-Nikodym theorem it follows that for s < λ
and µ-almost every t ∈ Sn−1
K0(s, t) ≤ Gλ(t).
Since K(s, t) = K0(s, t) for µ-almost every t ∈ S
n−1, (b) follows.
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Finally, for s ∈ Q+ and A ∈ S
n−1 we have∫
Sn−1
K(sχA(t), t)dµ(t) =
∫
A
K0(s, t)dµ(t) = V˜ (sχA).
Hence, equation (1) holds for star sets whose radial function is simple and
with rational coefficients, that is ρL =
∑n
k=1 qkχAk . Since these are dense
in the star sets with bounded Borel radial function, by continuity of both
sides of the equation, the conclusion follows. 
5. Valuations on Sn0 and measures in R
n
Valuations are often presented as a “generalization of the notion of mea-
sure”. In order to justify their study and to understand their applications,
it is important to classify valuations on Sn0 , distinguishing those which arise
from a measure in Rn from those which are not.
In this section we find such a classification. Our main tool is the inte-
gral representation Theorem 1.1, together with the notion of variation of a
valuation, which we define next.
Given a (not necessarily continuous) valuation V : C(Sn−1)+ −→ R, for
f, g ∈ C(Sn−1)+ with f ≤ g, we define the variation of V on the interval
[f, g] as
|V |([f, g]) = sup
{
m∑
k=1
|V (fk)− V (fk−1)|
}
,
where the supremum is taken over all finite sequences (fk)
m
k=0 contained in
C(Sn−1)+ such that f = f0 ≤ f1 ≤ · · · ≤ fm = g.
We say that V has bounded variation if, for every f, g ∈ C(Sn−1)+ with
f ≤ g, it holds that |V |([f, g]) <∞.
It is easy to see that not every continuous valuation has bounded variation:
Indeed, consider a function
θ : R+ −→ R+
such that θ(0) = 0 (this condition is not needed, we just impose it for clarity)
and such that θ is continuous but does not have bounded variation (in the
classical sense of variation of a function). Let I = [0, a] be an interval where
the variation of θ is not finite. That is
sup
{
m∑
k=1
|θ(xk+1)− θ(xk)| : 0 ≤ x1 ≤ · · · ≤ xm ≤ a
}
= +∞.
We consider the continous valuation V : C(Sn−1)+ −→ R defined by
V (f) =
∫
Sn−1
θ(f(t))dm(t),
where m is the normalized Lebesgue measure in Sn−1 (see [26]). Then, we
clearly have
|V |([0, a1 ]) ≥ sup
{
m∑
k=1
|V (xk+11 )− V (xk1 )|
}
= sup
{
m∑
k=1
|θ(xk+1)− θ(xk)|
}
,
which is not upper bounded.
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Given a valuation V : C(Sn−1)+ −→ R with bounded variation, we can
associate the variation function |V | : C(Sn−1)+ −→ R+ given by
|V |(f) = |V |([0, f ]).
It is clear that |V | is increasing, in the sense that |V |(f) ≤ |V |(g) whenever
f ≤ g. We will see next that |V | is actually also a valuation on C(Sn−1)+.
We need a preliminary lemma first.
Lemma 5.1. Given f, g, h ∈ C(Sn−1)+ with f ≤ g ≤ h we have that
|V |([f, h]) = |V |([f, g]) + |V |([g, h]).
Proof. Let ǫ > 0 and take (fi)
n
i=0, (gj)
m
j=0 ⊂ C(S
n−1)+ such that f = f0 ≤
f1 ≤ . . . ≤ fn = g, g = g0 ≤ g1 ≤ . . . ≤ gm = h with
|V |([f, g]) ≤
n∑
i=1
|V (fi)− V (fi−1)|+
ǫ
2
,
and
|V |([g, h]) ≤
m∑
j=1
|V (gj)− V (gj−1)|+
ǫ
2
.
Considering the yuxtaposition of (fi)
n
i=0 and (gj)
m
j=0 it follows that
|V |([f, g]) + |V |([g, h]) ≤
n∑
i=1
|V (fi)− V (fi−1)|+
m∑
j=1
|V (gj)− V (gj−1)|+ ǫ
≤ |V |([f, h]) + ǫ,
and since ǫ > 0 is arbitrary, we get that |V |([f, g])+ |V |([g, h]) ≤ |V |([f, h]).
For the converse inequality, we just need to observe that, for every finite
sequence (hj)
m
j=0 ⊂ C(S
n−1)+ with f = h0 ≤ h1 ≤ · · · ≤ hm = h, one has
m∑
i=1
|V (hi)− V (hi−1)| =
m∑
i=1
|V (hi) + V (g) − V (g) − V (hi−1)|
=
m∑
i=1
|V (hi ∨ g) + V (hi ∧ g)− V (hi−1 ∨ g) − V (hi−1 ∧ g)|
≤
m∑
i=1
|V (hi ∧ g)− V (hi−1 ∧ g)| +
m∑
i=1
|V (hi ∨ g) − V (hi−1 ∨ g)|
≤ |V |([f, g]) + |V |([g, h]),
where the last inequality follows from the fact that f = h0 ∧ g ≤ h1 ∧ g ≤
· · · ≤ hm ∧ g = g and g = h0 ∨ g ≤ h1 ∨ g ≤ · · · ≤ hm ∨ g = h. 
Proposition 5.2. Let V : C(Sn−1)+ −→ R be a valuation with bounded
variation |V |. Then |V | : C(Sn−1)+ −→ R defined by
|V |(f) = |V |([0, f ]).
is also a valuation.
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Proof. Let V be as in the hypothesis and f, g ∈ C(Sn−1)+. We choose finite
sequences in C(Sn−1)+, with 0 = f0 ≤ f1 ≤ · · · ≤ fm = f , 0 = g0 ≤ g1 ≤
· · · ≤ gl = g.
Since V is a valuation, we get
l∑
j=1
|V (gj)− V (gj−1)| =
l∑
j=1
|V (gj) + V (f)− (V (gj−1) + V (f))|
=
l∑
j=1
|V (gj ∨ f) + V (gj ∧ f)− V (gj−1 ∨ f)− V (gj−1 ∧ f)|
≤
l∑
j=1
|V (gj ∨ f)− V (gj−1 ∨ f)|+
l∑
j=1
|V (gj ∧ f)− V (gj−1 ∧ f)|
Therefore, using the fact that 0 = f0 ≤ f1 ≤ · · · ≤ fm = f ≤ f ∨ g1 ≤
· · · ≤ f ∨ gl = f ∨ g and that 0 ≤ g0 ∧ f ≤ · · · ≤ gl ∧ f = g ∧ f , we obtain
that
|V |(f) + |V |(g) ≤ |V |(f ∨ g) + |V |(f ∧ g).
For the converse inequality, let 0 = ϕ0 ≤ ϕ1 ≤ · · · ≤ ϕm = f ∨ g,
0 = ψ0 ≤ ψ1 ≤ · · · ≤ ψl = f ∧ g be finite sequences in C(S
n−1)+. Note first
that for each 1 ≤ j ≤ m, since V is a valuation, we have
V (ϕj)− V (ϕj−1) = V (ϕj) + V (f)− V (ϕj−1)− V (f)
= V (ϕj ∧ f)− V (ϕj−1 ∧ f) + V (ϕj ∨ f)− V (ϕj−1 ∨ f)
= V (ϕj ∧ f)− V (ϕj−1 ∧ f) + V (ϕj ∨ f) + V (g) − V (ϕj−1 ∨ f)− V (g)
= V (ϕj ∧ f)− V (ϕj−1 ∧ f) + V ((ϕj ∨ f) ∨ g)) − V ((ϕj−1 ∨ f) ∨ g)
+V ((ϕj ∨ f) ∧ g)) − V ((ϕj−1 ∨ f) ∧ g)
= V (ϕj ∧ f)− V (ϕj−1 ∧ f) + V ((ϕj ∨ f) ∧ g)) − V ((ϕj−1 ∨ f) ∧ g)
Hence, we have
m∑
j=1
|V (ϕj)− V (ϕj−1)|+
l∑
i=1
|V (ψi)− V (ψi−1)| ≤
m∑
j=1
|V (ϕj ∧ f)− V (ϕj−1 ∧ f)|+
+
l∑
i=1
|V (ψi)− V (ψi−1)|+
m∑
j=1
|V ((ϕj ∨ f) ∧ g)− V ((ϕj−1 ∨ f) ∧ g)|.
Since 0 = ψ0 ≤ ψ1 ≤ · · · ≤ ψl = (ϕ0 ∨ f) ∧ g ≤ · · · ≤ (ϕm ∧ f) ∨ g = g and
0 = ϕ0 ∧ f ≤ ϕ1 ∧ f ≤ · · · ≤ ϕm ∧ f = f , it follows that
|V |(f ∨ g) + |V |(f ∧ g) ≤ |V |(f) + |V |(g).

In the next result we show that |V | inherits the continuity of V .
Lemma 5.3. If V is continuous and has bounded variation, then |V | is also
continuous.
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Proof. Let f ∈ C(Sn−1)+ and ǫ > 0. Let (fi)
m
i=0 ⊂ C(S
n−1)+ with 0 = f0 ≤
f1 ≤ · · · ≤ fm = f such that
|V |(f) ≤
m∑
i=1
|V (fi)− V (fi−1)|+
ǫ
4
,
and let (gj)
n
j=0 ⊂ C(S
n−1)+ with f = g0 ≤ g1 ≤ · · · ≤ gm = f + 1 such that
|V |([f, f + 1]) ≤
n∑
j=1
|V (gj)− V (gj−1)|+
ǫ
4
.
By Theorem 3.8, there exists 0 < δ < 1 such that whenever u, v ∈ [0, f + 1]
with ‖u− v‖∞ < δ then
|V (u)− V (v)| <
ǫ
4max{m,n}
.
Suppose first that h ∈ C(Sn−1)+ with h ≤ f and ‖f−h‖∞ < δ. Note that
for 1 ≤ i ≤ m we have ‖fi∨h−fi−1∨h‖∞ < δ, so |V (fi∨h)−V (fi−1∨h)| <
ε/4m. Hence, it follows that
|V |(f) ≤
m∑
i=1
|V (fi)− V (fi−1)|+
ǫ
4
=
m∑
i=1
|V (fi) + V (h)− V (h)− V (fi−1)|+
ǫ
4
=
m∑
i=1
|V (fi ∨ h) + V (fi ∧ h)− V (fi−1 ∨ h)− V (fi−1 ∧ h)|+
ǫ
4
≤
m∑
i=1
|V (fi ∧ h)− V (fi−1 ∧ h)|+
m∑
i=1
|V (fi ∨ h)− V (fi−1 ∨ h)|+
ǫ
4
≤ |V |(h) +
ǫ
2
.
Since |V |(h) ≤ |V |(f), we get that
||V |(f)− |V |(h)| ≤
ǫ
2
whenever ‖f − h‖∞ < δ and h ≤ f .
Now, suppose that h ∈ C(Sn−1)+ with ‖f−h‖∞ < δ and f ≤ h. Note that
for 1 ≤ j ≤ n we have f ≤ gj∧h ≤ h, so in particular ‖gj∧h−gj−1∧h‖∞ < δ,
and so |V (gj ∧h)−V (gj−1 ∧h)| < ǫ/4n. Moreover, by Lemma 5.1 it follows
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that
|V |(h) − |V |(f) = |V |([f, h]) = |V |([f, f + 1])− |V |([h, f + 1])
≤
n∑
j=1
|V (gj)− V (gj−1)|+
ǫ
4
− V ([h, f + 1])
=
n∑
j=1
|V (gj ∨ h) + V (gj ∧ h)− V (gj−1 ∨ h)− V (gj−1 ∧ h)|
+
ǫ
4
− V ([h, f + 1])
≤
n∑
j=1
|V (gj ∧ h)− V (gj−1 ∧ h)|+
ǫ
4
+
n∑
j=1
|V (gj ∨ h)− V (gj−1 ∨ h)| − V ([h, f + 1])
<
n∑
j=1
|V (gj ∧ h)− V (gj−1 ∧ h)|+
ǫ
4
≤
ǫ
2
.
And since |V |(h) ≥ |V |(f), we also get that
||V |(f)− |V |(h)| ≤
ǫ
2
whenever ‖f − h‖∞ < δ and f ≤ h.
Finally, for arbitrary h ∈ C(Sn−1)+ with ‖f − h‖∞ < δ, by Proposition
5.2 we have
|V |(f)− |V |(h) = |V |(f)− |V |(f ∨ h) + |V |(f)− |V |(f ∧ h).
Since ‖f − f ∨ h‖∞ < δ and ‖f − f ∧ h‖∞ < δ, by the above we get that
||V |(f)− |V |(h)| ≤ ǫ.

Finally, we can prove our classification result Theorem 1.2.
Proof of Theorem 1.2. (1)⇒ (2): Suppose there exists a (signed) countably
additive measure ν on the Borel sets of Rn such that, for every L ∈ Sn0 ,
ν(L) = V (ρL). Let f ≤ g ∈ C(S
n−1)+. For (fi)
m
i=0 ⊂ C(S
n−1)+ such that
f = f0 ≤ f1 ≤ · · · ≤ fm = g take Lfi ∈ S
n
0 with ρLfi = fi. Let us
consider the Jordan decomposition of the measure nu as ν = ν+ − ν− (cf.
[15, §29Theorem B]). For 1 ≤ i ≤ m we have
|V (fi)− V (fi−1)| = |ν(Lfi)− ν(Lfi−1)|
= |ν+(Lfi)− ν−(Lfi)− ν+(Lfi−1)− ν−(Lfi−1)|
≤ |ν+(Lfi)− ν+(Lfi−1)|+ |ν−(Lfi)− ν−(Lfi−1)|
= ν+(Lfi)− ν+(Lfi−1) + ν−(Lfi)− ν−(Lfi−1).
Therefore, we get
m∑
i=1
|V (fi)− V (fi−1)| ≤ ν+(Lg)− ν+(Lf ) + ν−(Lg)− ν−(Lf ),
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which yields that |V |([f, g]) <∞ as claimed.
(2)⇒ (3): If V has bounded variation, then we can write
V = |V | − (|V | − V ).
By Proposition 5.2 and Lemma 5.3 we have that |V | is an increasing contin-
uous valuation. Hence, it is enough to show that |V | − V is also increasing.
To this end, pick f ≤ g in C(Sn−1)+ and note that
V (g)− V (f) ≤ |V (g) − V (f)| ≤ |V |([f, g]) = |V |(g) − |V |(f).
Therefore, it holds that |V |(f)− V (f) ≤ |V |(g) − V (g).
(3)⇒ (4): Clearly, it is enough to show that if V is monotone increasing,
then for µ-almost every t ∈ Sn−1, K(·, t) is increasing. This actually follows
from the construction of K given in the proof of Theorem 1.1. Indeed, recall
that we can define for every s ∈ R+ the function K0(s, ·) as the Radon-
Nikodym derivative with respect to µ of the measure given by νs(A) =
V (sχA) for A ∈ Σn. Moreover, it is seen in the proof of Theorem 1.1
(see also the Appendix for more details) that K0(s, t) = K(s, t) for every
s ∈ R+ and µ-almost every t ∈ S
n−1. Now, if V is monotone increasing,
and s1, s2 ∈ R+ are such that s1 ≤ s2, then for every A ∈ Σn we have
νs1(A) ≤ νs2(A)
which yields that for µ-almost every t ∈ Sn−1
K(s1, t) = K0(s1, t) ≤ K0(s2, t) = K(s2, t).
Thus, K(·, t) is increasing for µ-almost every t ∈ Sn−1.
(4)⇒ (1): We will see that if K(·, t) is continuous increasing for µ-almost
every t ∈ Sn−1, then there is a (positive) countably additive measure ν
with ν(L) = V (ρL) for every star body L ∈ S
n
0 . Since every continuous
function of bounded variation can be written as the difference of continuous
increasing functions, the conclusion will follow.
Let us consider the semiring of subsets of R+ × Sn−1 given by
D = {[a, b) ×A : a, b ∈ R+, a < b andA ∈ Σn}
and define ν : D → R+ by
ν([a, b)×A) =
∫
A
K(b, t)−K(a, t)dµ(t).
A standard argument shows that ν can be extended to a Borel measure
on Rn (see Lemma A.3 for details).
Finally, note that for every simple Borel star set L ⊂ Rn we have ν(L) =
V (ρL). Indeed, let (ai)
m
i=1 ⊂ R+ and pairwise disjoint (Ai)
m
i=1 ⊂ Σn such
that ρL =
∑m
i=1 aiχAi . It follows that
ν(L) = ν
(
m⋃
i=1
[0, ai)×Ai
)
=
m∑
i=1
ν ([0, ai)×Ai)
=
m∑
i=1
∫
Ai
K(ai, t)dµ(t) =
∫
Sn−1
K(
m∑
i=1
aiχAi(t), t)dµ(t) = V (ρL).
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Now, let L ⊂ Rn be a star body (with continuous radial function), and
take an increasing sequence (Lk)k∈N of simple Borel star sets such that
L =
⋃
k∈N Lk. Therefore, it follows that
ν(L) = lim
k
ν(Lk) = lim
k
V (ρLk) = V (ρL).

Proof of Corollary 1.3. The proof follows exactly the same lines as the pre-
vious proof, with big simplifications due to rotational invariance.
The implications (1) implies (2) and (2) implies (3) are exactly as in the
previous proof, just noting the easy fact that the variation of a rotationally
invariant valuation is also rotationally invariant. To show (3) implies (4),
we use [25, Corollary 4.1], and the definition of θ thereof, and we obtain
two continuous monotonic increasing functions θ1, θ2 representing each of
the monotonic increasing valuations in (3). Then θ = θ1 − θ2.
Finally, to see that (4) implies (1), we just need to define ν on the intervals
[a, b] by
ν([a, b]) = V (b1 ) − V (a1 )
and check that is allows us to define, in a simpler way as the previous proof,
a measure ν verifying (1). 
Appendix A.
Lemma A.1. Suppose K0 : R+ × S
n−1 → R is given by
K0(s, t) = Φ(sχSn−1)(t),
where Φ : B(Sn−1)+ → L1(µ) is the mapping given in Proposition 2.2, then
there is a set A0 ⊂ S
n−1 with µ(A0) = 0 such that for every t /∈ A0, K0(·, t)
is uniformly continuous on every bounded set of rational numbers.
We will follow the same approach as in [7, 2.1.3.] or [5, Lemma 11]. Before
the proof, recall that for each s ∈ R+, Φ(sχSn−1) ∈ L1(µ) is the Radon-
Nikodym derivative of the measure νs with respect to µ, where νs(A) =
V˜ (sχA) for A ∈ Σn.
For δ > 0, λ > 0, and A ∈ Σn, let
ωλ(δ,A) = sup
{∫
A
|K0(s, t)−K0(s
′, t)|dµ(t) : s, s′ ∈ [0, λ], |s− s′| ≤ δ
}
,
and let
ωλ(δ) = sup
{ m∑
i=1
ωλ(δ,Ai) :
m⋃
i=1
Ai = S
n−1, Ai ∩Aj = ∅, for i 6= j
}
.
Lemma A.2. For every λ > 0, we have that
lim
δ→0
ωλ(δ) = 0.
Proof. Given ε > 0, by Theorem 3.8, we know that V˜ is uniformly continuous
on bounded sets, so there is δ > 0 such that |V˜ (f) − V˜ (g)| ≤ ε3 whenever
f, g ∈ B(Sn−1) satisfy ‖f‖∞, ‖g‖∞ ≤ λ and ‖f − g‖∞ < δ.
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Let (Ai)
m
i=1 ⊂ Σn pairwise disjoint with
⋃m
i=1Ai = S
n−1 such that
ωλ(δ) ≤
m∑
i=1
ωλ(δ,Ai) +
ε
3
For 1 ≤ i ≤ m, let si, s
′
i ∈ [0, λ] with |si − s
′
i| ≤ δ, such that
ωλ(δ,Ai) ≤
∫
Ai
|K0(si, t)−K0(s
′
i, t)|dµ(t) +
ε
3m
.
Let A+i = {t ∈ Ai : K0(si, t) ≥ K0(s
′
i, t)} and A
−
i = {t ∈ Ai : K0(si, t) <
K0(s
′
i, t)}, which belong clearly to Σn.
Now, if we set
f =
m∑
i=1
siχA+i
+ s′iχA−i
, and g =
m∑
i=1
s′iχA+i
+ siχA−i
,
then we clearly have ‖f‖∞, ‖g‖∞ ≤ λ and ‖f − g‖∞ ≤ δ. Hence, |V˜ (f) −
V˜ (g)| ≤ ε3 , which yields
ωλ(δ) ≤
m∑
i=1
∫
Ai
|K0(si, t)−K0(s
′
i, t)|dµ(t) +
2ε
3
=
m∑
i=1
∫
A+i
K0(si, t)−K0(s
′
i, t)dµ(t) +
∫
A−i
K0(s
′
i, t)−K0(si, t)dµ(t) +
2ε
3
=
m∑
i=1
V˜ (siχA+i
)− V˜ (s′iχA+i
) + V˜ (s′iχA−i
)− V˜ (siχA−i
) +
2ε
3
= V˜ (f)− V˜ (g) +
2ε
3
≤ ε.

Proof of Lemma A.1. For k ∈ N, let Sk = Q∩ [0, k]. Given δ > 0, and ε > 0,
set
A(δ, ε) =
{
t ∈ Sn−1 : sup{|K0(s, t)−K0(s
′, t)| : s, s′ ∈ Sk, |s− s
′| ≤ δ} > ε.
Also, given s, s′ ∈ Sk with |s− s
′| ≤ δ, set
B(s, s′, δ, ε) = {t ∈ Sn−1 : |K0(s, t)−K0(s
′, t)| > ε}.
Let (si, s
′
i)i∈N be an enumeration of all pairs (s, s
′) where s, s′ ∈ Sk and
|s− s′| ≤ δ. Let A1(δ, ε) = B(s1, s
′
1, δ, ε) and
Ai(δ, ε) = B(si, s
′
i, δ, ε)\
i−1⋃
j=1
Aj(δ, ε).
In this way, we obtain a sequence of pairwise disjoint sets such that
⋃∞
i=1Ai(δ, ε) =
A(δ, ε).
Now, it follows that
εµ
(
A(δ, ε)
)
≤
∞∑
i=1
∫
Ai(δ,ε)
|K0(si, t)−K0(s
′
i, t)|dµ(t) ≤ ωk(δ).
22 PEDRO TRADACETE AND IGNACIO VILLANUEVA
Therefore, by Lemma A.2, for every ε > 0 we get that
lim
δ→0
µ
(
A(δ, ε)
)
= 0.
Now, for each ε > 0, pick a sequence δm → 0 such that
∞∑
m=1
µ
(
A(δm, ε)
)
<∞,
and set
A(ε) =
∞⋂
k=1
∞⋃
m=k
A(δm, ε).
It is clear that µ
(
A(ε)
)
= 0. Now, take εj → 0 and set A
k =
⋃∞
j=1A(εj),
which also satisfies µ(Ak) = 0. It is easy to check that for every t ∈ Sn−1\Ak,
K0(·, t) is uniformly continuous on Sk.
Finally, set A0 =
⋃∞
k=1A
k, which is the required set with µ(A0) = 0 and
such that for every t /∈ A0 K0(·, t) is uniformly continuous on every bounded
set of rational numbers.

Lemma A.3. Let K : R+ × S
n−1 → R such that K(s, ·) is measurable
for every s ∈ R+ and K(·, t) is continuous increasing for µ-almost every
t ∈ Sn−1. Let D be the semiring of subsets of R+ × S
n−1 given by
D = {[a, b)×A : a, b ∈ R+, a < b andA ∈ Σn}
and define ν : D → R+ by
ν([a, b)×A) =
∫
A
K(b, t)−K(a, t)dµ(t).
Then ν can be extended to a Borel measure on Rn.
Proof. We follow a similar approach as in the construction of Lebesgue mea-
sure.
Clearly, ν is finitely additive on D, in the sense that for any disjoint family
([ai, bi)×Ai)
m
i=1 such that
⋃m
i=1[ai, bi)×Ai = [a, b)×A with [a, b)×A ∈ D
it follows that
ν([a, b)×A) =
m∑
i=1
ν([ai, bi)×Ai).
We claim that ν is actually countably additive on D. Indeed, suppose
[a, b) × A =
⋃∞
i=1[ai, bi) × Ai. First, note that for every m ∈ N there exist
pairwise disjoint ([cj , dj)×Bj)
N
j=1 in D such that
[a, b)×A =
m⋃
i=1
[ai, bi)×Ai ∪
N⋃
j=1
[cj , dj)×Bj.
Therefore, since ν : D → R+ is finitely additive it follows that ν([a, b)×A) ≥∑m
i=1 ν([ai, bi)×Ai), which, as m ∈ N is arbitrary, implies that
ν([a, b)×A) ≥
∞∑
i=1
ν([ai, bi)×Ai).
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For the converse inequality, let ǫ > 0. Using the regularity of µ we can find
a compact set KA ⊂ A such that
(6)
∫
A\KA
K(b, t)dµ(t) < ǫ,
as well as open sets (Un)
∞
n=1 ⊂ Σn such that for every n ∈ N we have
An ⊂ Un and
(7)
∫
Un\An
K(bn, t)−K(an, t)dµ(t) <
ǫ
2n
,
Since K(·, t) is continuous for µ-almost every t ∈ Sn−1, we can find δ > 0
such that
(8)
∫
A
K(b, t)−K(b− δ, t)dµ(t) < ǫ,
and for each n ∈ N we can also take δn > 0 such that
(9)
∫
Un
K(an, t)−K(an − δn, t)dµ(t) <
ǫ
2n
.
Since [a, b− δ]×KA ⊂
⋃∞
n=1(an − δn, bn)×Un, by compactness there exists
a finite set F ⊂ N such that
[a, b− δ] ×KA ⊂
⋃
n∈F
(an − δn, bn)× Un.
In particular, we have
[a, b− δ) ×KA ⊂
⋃
n∈F
[an − δn, bn)× Un,
so that, using (9) and (7), it follows that
ν([a, b− δ)×KA) ≤
∑
n∈F
ν([an − δn, bn)× Un)(10)
=
∑
n∈F
∫
Un
K(bn, t)−K(an − δn, t)dµ(t)
<
∑
n∈F
∫
Un
K(bn, t)−K(an, t)dµ(t) + ǫ
<
∑
n∈F
∫
An
K(bn, t)−K(an, t)dµ(t) + 2ǫ.
Now, using the monotonicity of K(·, t) and (6), we have
(11)
ν ([a, b− δ)× (A\KA)) =
∫
A\KA
K(b−δ, t)−K(a, t)dµ(t) ≤
∫
A\KA
K(b, t)dµ(t) < ǫ.
Moreover, (8) yields
(12) ν([b− δ, b) ×A) ≤
∫
A
K(b, t)−K(b− δ, t)dµ(t) < ǫ.
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Therefore, putting together (10), (11) and (12), we get
ν ([a, b)×A) = ν ([a, b− δ)×KA) + ν ([a, b− δ)× (A\KA)) + ν ([b− δ, b)×A)
≤
∑
n∈F
ν ([an, bn)×An) + 4ǫ ≤
∞∑
n=1
ν ([an, bn)×An) + 4ǫ.
Since ǫ > 0 was arbitrary, it follows that ν : D → R+ is countably additive
as claimed.
Noting that Rn\{0} is homeomorphic to (0,∞)×Sn−1, it is easy to check
that D generates the σ-algebra of all Borel subsets of Rn. Hence, a standard
argument (cf. [6, Proposition 3.2.4]) yields that ν can be extended to a
Borel measure on Rn. 
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